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L l r s t c i h ~ ~ r i i j r ; r a i c  l u 3 r l ~ r ' t l m  i s  i f o m  ~f f Sulil-f 1 la I r t u i c i t l u r  
d e r e  e l a ~ t i c  ~ r f ~ ~ u z l m  cf sur f ises becurss s i g l l f i c i n t ,  It i s  
usu+lly i s%i i t+d m l t h  highly s t e s -  c-tS of 1- c & m  
~ t y ,  wch 6s +afS -M: ri;l 1 i tq-e lent  Wir ings,  This l u b r i c i t i u t  r e c k a i s e  
i s  a l ~ i  enci*ur,t=rec ram r ~ f t  W i T l q  ~ k i i i r i s l ~ ,  s c 3  as rubher ~ i l ~  a 4  
t i res ,  T h e  cailshbfi f c f t ~ t  I n  these * p p i i c i t l ~ n s  IS tha t  k i l  e!rstlc e- - 
fora~tlclra 6f t n i  so'tids p r o v i w i  scherent f l u l o  f l &  and thus aSperlty in- W 
t e r i t t i n s  i s  g r e v i n t i i 2 -  
H'istorlcal!g, ciastrnJai+a)lnmic ' lubrisi t icrr~ h y  & v l w  US 6- ~ l f  
~w q o r  ~iwelc@mmts i n  the f l e h  of r r i b C l ~ ~ r  i n  the t e n t i e m  century, 
i i  ntt anly revealed the existence <if a previcrusly uns~spx teG  regime crf 
l ub r i c r t i on  i n  h igh iy  stressed3 ind ~ n t t n f ~ m i  -chine elements, such as 
gears and r c l l i m j - e l a p n t  beirinqs, bu t  i t  bniugnt r j raa  tb the unaerst~nd- 
ing of the c q l e r i  spectrum ~f l u b r i c i t i ~ n  r ing ing  fnoc tm~ni~ary tt hya- 
a p a i c -  
k chrurwtlogy crf the research on e ~ a ~ t ~ h y 0 r c j ~ l y n ~ 1 c  l u b r i f a t i ~ l n  (Em) of 
e l  l i p t i c a l  contacts tnat the author has bem invtiived w i t h  i s  given i n  
tab le  1. i n  t h i s  tab le  the major research e f f t r t s  and s w i  6f the resu l t s  
given f ~ r  the yrirrs 1974 ti, ?Ytg). This p a r ~ i c u l a r  lecture ccncentrates 
Gn fu l l y  f i a e d  conjunctions, A f u l l y  f t w i - J  cunjunct i tn i s  irne i n  which 
the f i l m  thickness i s  not  s lgn i f  i can t l y  change6 when the dnw+n: of  lubrici tnt 
i s  increased. 
k b r i s f  descr ipt ion ~f the relevant e q u ~ t i o n s  used i n  the elastofiyar* 
~ y f i a l c  iubr lcat lon analysis i s  glvsn ;n t n l s  lecture. The -st loportant  
p rac t i ca l  aspect o f  the e1as:ohydroaynaic 1ubricat:sn tn ib ry  1s the Oiter- 
minhtion of the minitiam f i l s  thickness w i th in  the ccjntact. The aaintenance 
o f  it f l u i d  f i l m  o f  aaeqlrcte magnitude i s  irn essential feature of the correct 
opeti i t ion <if lubricated machine elements. The r e s u l t s  t o  be presentea s k c  
the inf luence o f  contact g e e t r y  on minimum f i l m  thickness as expressed by 
the ellipticity p a r d e t e r  dnd the dimensionless Speed, load, and urhteriirls 
parameters. These resu l t s  are applied t o  mater ia ls o f  high e l as t i c  ~T~odulus, 
such as metal, and t o  nlaterials o f  - low el i rs t ic  maulus, such as rubber. The 
solut ions fo r  materials of high e las t i c  modulus dre sometimes referrea t o  as 
"hard EHL," and the so lu t ion f o r  materials of low e las t i c  ITfiaulu~ as 'soft 
EHL." I n  addi t ion t o  the f i l m  thickness equdtions t hd t  are devel~ped, con- 
tGur p l ~ t s  c f  pressure and f i l m  thickness are presented thdt  show the essen- 
t i a l  features of  elastohy;roaynmically lubr icated conjunctions. i n  par t ic -  
u l a r  the crescent-shhped region of  minimum f i l m  thickness, wi th i t s  siae 
lobes i n  which the separation between the sc l ids  i s  a minimum, c l ea r l y  
emerges i n  the numerical solutions. These theoret ical  solut ions f o r  f i  1111 
thickness hdve d l 1  the essential features o f  previously reported experi- 
mental observdtions birsea on ~ p t i c a  l in te r fe rme tr,.. Correlat ion between 
theory dnd experiments i s  also made. 
a 
= iiu - (oh) a* 
(ui + ubj 
U = 
L 
. the  mean s ~ r f a c c  veicrci ty 
n~ coefficient of obsolute cr dynamic v i s c ~ s l t ~  at atuspheric pressure 
pressure-vlsccslty corfflcitnt of fiuia 
Oensity variation (for mineral oils) 
where 
00 aensity at atmospheric conditions 
Eiastici ty equation 
where 
F i lm thickness equation 
T h e  prcrbiea, i s  tir ~ a k % l i t ~  t W  pressure Q1St r ibuE:m i n  the c- t ic t  IM i t  
the sac time a i l -  for the effects that t h i s  pressure w i l l  have On the 
propert ies ctf the f iuld and on the g e e t r y  of tne e l i s t i c  so l ids-  The 
~ o t u t i m  m l : i  0 1 ~ 6  prOvlJc the s h e  o f  the luhf lcant  f i lm, p i r t l c u l a r l y  thr 
rPinlam clearo~ce between toe suIi3s. H * ta i led  Q e s c r i p t i m  <if the 
e l a s t l c l t y  swel used IS given i n  brsm rnd Himswt (1976). and the c ~ o r  
p l e te  Eni theory i s  given i n  b r b c k  am k s e n  ( 1 ~ 7 6 ) .  
The veriirblcs result in^ frcjai the iscither~ral i l l i p t i ~ * l  contact t k o r y  
aereloped i n  Harock ana W r s m  (1976) are 
E' ef fec twe e l z s t i t  m~dulus, k j d  
F normal applied I ~ a d ,  N 
h f i l m  th ic twss,  m 
R x  ef fec t i ve  raaius i n  x (motion) alrection, w 
Ry effective radius i n  y (transverse) direct ion, m 
u mean surface velocity i n  x airect ion, m j s  
o pressure-viscosity c o e f f i c ~ e n t  o f  f l u i d ,  md/& 
'to atmspherlc viscosity, h s l d  
From the eight  varidbles the fo l lowing f i v e  d ~ n ~ n s l o n l e s s  groupings were 
estobllshed: 
Oimsnsionless f i l m  thickness 
E l l i p t i c i t y  parmeter 
where 
E q u a t i o n  ( 9 )  was Obtbined from Brewe dnd H6rnr.~7ck ( 1 ~ 7 1 ) .  
Dinensionless me te r i a l s  paraneter 
The d inens ion less f i l m  t h l c i ness  can thus be w r i t t e n  as a f u n c t i o n  o f  
t h e  o the r  f o u r  paraneters  
The in f luence  o f  the d ln~ens ion less parameters k, U, W, and G cn  mininlum 
f i l m  th ickness Hmin i s  presented l a t e r  f o r  bo th  hard and s o f t  contacts.  
The s e t  o f  a imensi6nless groups iH,k,U,W,G) i s  a u s e f u l  c o l l e c t i o n  of 
parameters f o r  eva lua t i ng  t h e  r e s u l t s  presented i n  t h i s  lec tu re .  I t  i s  a l s o  
comparable t o  t he  s e t  of dimensionless parameters used i n  the  i n i t i a l  e las -  
tohydrodynamic ana lys is  o f  l i n e  contacts, and i t  has t h e  m e r i t  t h a t  t h e  
phys ica l  s i g n i f  icance of each term i s  read i  l y  apparent. However, a number 
o f  huthors, f o r  example, Moes (1965-b6) and Theyse (1966), have noted t h a t  
t h i s  s e t  o f  d imensionless groups can be reduced by one parameter w i t hou t  any 
loss  o f  gene ra l i t y .  Th is  approach i s  f o l l owed  i n  t h e  f o u r t h  lec tu re ,  where 
the f i l m  thicknesses t o  be expected i n  each o f  the  f o u r  regimes o f  f l u i d -  
f i l m  l u b r i c a t i o n  a re  presented g raph i ca l l y .  
HMO EHL RESULTS 
By us ing  t he  numerical procedures o u t l i n e d  i n  Hamrock and Dowson (1976) 
t he  i n f l uence  o f  the  e l l i p t i c i t y  paranlster dnd the dimensionless speed, 
load, and m a t e r i a l s  parameters on minimum f i lnl th ickness has been i n v e s t i -  
gated f o r  hard  EHL, f u l l y  f looded con tdc ts  (Hantrock and Dowson, 1977). The 
e l l i p t i c i t y  parameter k was va r i ed  front 1 ( a  ba l l -on -p la te  con f i gu ra t i on )  
t o  8 ( a  con f i gu ra t i on  approaching a rec tangu la r  con tac t ) .  The dinlensionless 
speed u was va r i ed  over d range o f  n e a r l y  two o rde rs  of magnitude, and t he  
dimensionless load parameter W over i range o f  one order  of magnitude. 
S i t ua t i ons  equ iva len t  t o  us ing  s o l i d  m a t e r i a l s  o f  bronze, s t ee l ,  and s i l l c o n  
n i t r i d e  and l u b r i c a n t s  o f  p a r a f f i n i c  and naphthenic o i l s  were considered i n  
an i n v e s t i g a t i o n  o f  t h e  r o l e  o f  t h e  dimensionless n l a te r i a l s  paranleter G. 
The 34 cases used t o  genercite the  minin~um-f i lm-thickness formula are g iven 
i n  t a b l e  11. I n  the  t a b l e  H 1, corresponds t o  t h e  min in~un~ f i lm th i ck -  T ness obta ined from the EHL e l  l ~ t i c a l  con tac t  theory g iven  i n  Hamrock end 
Oowson (1376). T h e  minimum-f i Ira-thickness f orntula obta inea  frw a 
least-squares f i t  o f  t h e  Jdtd was f i + ~ t  g i ven  i n  Haatr~ck an0 b s o n  (1977) 




I rr  t a b l e  11 nmin i s  the  mlnlmum f i l m  th lckness o b t q n e a  f r om e q u a t i ~ n  (15). The percentage d i f fe rence  between H,,, dnd Hmln i s  express-a 
by 
i n  t a b l e  I 1  t h e  values of Dl dre w i t h i n  *3 percent.  
I t  1s Interesting t o  compare tne e l  l i p t i c d  I-contact, mininlunl-f i l n +  
th i ckness  formula ( e ~  (15 ) )  w l t t !  t h e  corresponding equat ion generated by 
bwson  (1968) f o r  n m i n o l  l i p +  o r  rec t i i ngu la r  con tac ts  
F * 
Wr = E'R 
X 
F *  = load per  u n i t  l eng th  2 ' (19) 
The powers o f  U, G, aod W i n  equat ion ( 1 5 )  and U, G, dnd Wr i n  equa- 
t i o n  (17)  a re  q u i t e  s l m i l a r  cuns ider ing  the  d i f f e r e n t  numerical  procedures 
on which they a re  based. I t  i s  a l s o  worth no t i ng  t h a t  t h e  power o f  W i n  
equat ion (15) i s  extremely c l c s e  t o  t he  va lue o f  -0.074 proposea by Wrchard 
and Cowking (1965-66) i n  t h e i r  exper imental  s t ud ies  o f  e l  1  i p t i c a l  contacts.  
I n  p r a c t i c a l  s i t u a t l u n s  t he re  i s  cons iderab le  i n t e r e s t  i n  the  c e n t r a l  
as we1 1 as t he  minimum f i l m  th ickness  i n  elastohydroi lynamic contacts.  Th is  
i s  p a r t i c u l a r l y  t r u e  when t r a c t i o n  i s  considered s ince  t he  sur faces i n  r e l a -  
t i v e  mot ion are separated by a  fib o f  almost constant  th ickness t h a t  i s  
w e l l  represented by the c e n t r a l  value over much o f  the  He r t z i an  con tac t  
zone. The procedure used i n  ob ta i n i ng  t he  c e n t r a l  f i l m  th ickness was the  
same as t h a t  used i n  ob ta l n i ng  i h e  minimum f11n1 thlckness. The c e n t r a l -  
f i lm- th ickness  formula f o r  hard EHL Contacts obta ined f rom the  numericdl 
r e s u l t s  i s  
A rep resen ta t i ve  contour p l o t  o f  d imensionless pressure i s  shown i n  
f i g u r e  1 f o r  k  = 1.25, U = 0.168~10-11, W = 0.111~10-6, and G = 4522. 
I n  t h i s  f i g u r e  and i n  f i g u r e  2 ,  the + synlbol i nd i ca tes  the cen te r  o f  the 
He r t z i an  contact  zone. The d in~ens ion less represen ta t ion  o f  t he  X and Y 
coord ina les causes the  dc tua l  He r t z i an  con tac t  e l l i p s e  t o  be a c i r c l e  re- 
gardless o f  the  value of the e l l i p t i c i t y  parameter. The Hertz ian c o n t i c t  
c i r c l e  i s  shown by aster isks. On the f i g u r e  i s  a key showing the  contour 
l abe l s  and each corresponding vdlue o f  d i ~ n ~ i o n l e s s  pressure. The i n l e t  
reg ion  i s  t o  the  l e f t  and the  e x i t  reg ion  i s  t o  t he  right. 
The pressure grddient a t  the e x i t  end of the conjunct ion i s  atuch l a rge r  
than t h a t  i n  the i n l e t  region. l n  f i g u r e  1 a pressure spike 1s v i s i b l e  a t  
the e x i t  o f  the contact. 
Figure 2 shows contour p l o t s  o f  f i l m  thickness f ~ r  k = 1.25, 
U 5 0,168x10-ll, ti = 0.111~10-~,  and G = 4522. I n  t h i s  f i g u r e  two 
minimum-film-thickness regions occur i n  wel l-def ined s ide  lobes tha t  fol low, 
and are c lose  to, the  edge of the  Hertz ian contact e l  l ipse. These r e s u l t s  
reproduce a1 1 the  essent ia l  features of prev iously  reported experimental 
observations based on o p t i c a l  interferometry (Cameron and Gohar, 1966). 
The va r ia t i on  o f  pressure and f i l m  thickness i n  the d i r e c t i o n  o f  m l l -  
i n g  q u i t e  c lose t o  the X ax is  near the  midplane o f  t h e  conjunct ion i s  
shown i n  f igure  3 f o r  three va:: s o f  U. The values o f  the dimensionless 
load, materials, and e l l i p t i c i t y  parameters were he ld  constant a t  k = 6, 
W = 0,737~10-6, and = 4522. I n  f i g u r e  3(a) the  dashed 1 i ne  corresponds 
t o  the Hertz ian pressure d i s t r i bu t i on .  This f i g u r e  shows tha t  the pressure 
a t  any loca t ion  i n  the i n l e t  region r i s e s  as the  speed increases, a r e s u l t  
t h a t  i s  a lso  consis tent  w i t h  the elastohydrodynamic theory f o r  l i n e  o r  
rectangular contacts. Furthermore, as the speed decreases, the  height  o f  
the pressure spike decreases and the hydrodynamic pressures gradual ly 
approach the s e m i e l l i p t i c a l  form o f  the Hertz ian contact stresses. Note 
tha t  the loca t ion  o f  the pressure spike moves downstream toward the edge o f  
the Hertz ian contact e l l i p s e  as the speeO decreases. For nominal l i n e  o r  
rectangular contccts Dowson and Higginson (1966) showed r e s u l t s  s i m i l a r  t o  
those i n  f i g u r e  3 ( a ) .  
The t y p i c a l  elastohydrodynamic f i l m  shape w i t h  an essen t i a l l y  p a r a l l e l  
sec t ion  i n  the cen t ra l  region i s  shown i n  f i g u r e  3(b). There i s  l i t t l e  s ign  
o f  a reentrant  reg ion  i n  t h i s  case, except perhaps a t  the  lowest speed. 
Also, there i s  a considerdble change i n  the f i l m  thickness as the aimension- 
less  speed i s  changed, as ind icated by equation (15). This i l l u s t r a t e s  most 
c l e a r l y  the oominant e f f e c t  o f  the dimensionless speed pa rme te r  U on the 
minimum f i  l m  thickness i n  elastohydrodynamic contacts. 
The v ~ r i a t i o n  o f  pressure and f i l m  thickness i n  the d i r e c t i o n  o f  motion 
along a l i n e  c lose t o  the  midplane o f  t h e  conjunct ion i s  shown i n  f i g u r e  4 
f o r  three values o f  dimensionless load parameter. The values o f  the dimen- 
sionless speed materials,  and e l l i p t i c i t y  parameters were he ld  f i x e d  a t  
U = 0 . 1 6 8 ~ 1 0 - ~ ~ ,  G = 4522, and k = 6. Note from f i g u r e  4(a) t h a t  t he  
pressure a t  any l oca t i on  i n  the i n1  t region f a l l s  as the load increases. % For the highest load (W = 1.106~10- ) ,  f i g u r e  4(b),  t he  f i 1n1 thickness 
r i s e s  between the cen t ra l  region and the o u t l e t  r e s t r i c t i o n .  This reentrant  
e f f e c t  i s  a t t r i b u t e d  t o  l ub r i can t  compressib i l i ty .  Note a lso  t h a t  a t  
W = 0.5228xl0-~ the f i l m  thickness i s  s l i g h t l y  smal ler than a t  
W = 1.06x10-~, This somewhat cur ious r e s u l t  i s  l i nked  t o  the f a c t  t h a t  
the loca t ion  o f  the minin~um f i l m  thickness a lso changes d ros t i ca l  l y  over 
t h i s  load range. A t  the  lower load the  minimum f i l m  thickness i s  located on 
the midplane o f  the conjunct ion downstream from the center o f  the contact; 
a t  t he  higher load i t  moves t o  the s ide lobes as described e a r l i e r .  
The minimu* and cen t ra l - f i lm - t h i ckness  formulas developed i n  t he  
prev ious sec t i on  f o r  f u l  I y  f l ooded  conjunct.lons a re  n o t  o n l y  u s e f u l  f o r  de- 
s i gn  purposes, b u t  t hey  a l s o  p rov i de  a convenient means o f  assessing t he  
i n f l uence  o f  va r ious  parameters on the  elastohydrodynamic f i l m  thickness. 
For  t h e  purpose o f  comparing t h e o r e t i c a l  film thicknesses w i t h  those found 
i n  ac tua l  e lastohydroaynan~ic contacts,  t a b l e  111 was obta ined from Kunz and 
Winer (1977). The exper imental  apparatus cons is ted  o f  a s t e e l  b a l l  r o l l i n g  
and s l i d i n g  on a sapphire p l a te ;  t h i s  generated a c i r c u l a r  con junct ion,  o r  
an e l  l i p t i c i  t y  parameter o f  u n i t y .  Measurements were made by us ing  t h e  
technique o f  o p t i c a l  in ter ferometry .  Table 111 shows t he  r e s u l t s  o f  bo th  
c a l c u l a t i o n s  and measurements f o r  t h ree  l u b r i c a n t s  i n  pure  z l i a i n g ,  each 
under two d i f f e r e n t  loads and t h r e e  speeds. The n o t a t i o n  Hmjn and 
- 
i s  used t o  denote t he  dimensionless f i l m  th ickness c a l c u l a t e d  f rom 
equat ions (15) and (20), respec t i ve ly .  The measured minimum and c e n t r a l  
f i l m  th icknesses obta ined f rom Kunz ana Winer (1977) a re  denoted by Hmin 
and Hc. F igures 5 and 6 show comparisons between' the c a l c u ~ a t e d  and nlea- 
sured f i l m  th icknesses f o r  the  two loads shown i n  t a b l e  111. 
For t h e  smal ler  load ( W  = 0 . 1 2 3 8 ~ 1 0 - ~ )  t h e  r e s u l t s  shown i n  f i g u r e  5 
compare remarkably w e l l  if we bear i n  mind t he  d i f f i c u l t i e s  assoc ia ted w i t h  
t h e  exper imental  de te rmina t ion  o f  such smal l  q u a n t i t i e s  under arduous 
cond i t i ons  and t h e  e r r o r  assc - ia ted  w i  t h  the complex nun~er ica l  eva lua t ions  
o f  elastohydrodynamic con junct ions.  The r a t i o s  between t h e  c e n t r a l  and 
min~rnum f i l m  th icknesses a re  s i n ~ i l a r  f o r  t he  c a l c u l a t i o n s  and the  measure- 
ments, and t h e  dependence of f i l m  th i ckness  on speed thus appears t o  be w e l l  
represented by e q ~ a t i o n ~  (15)  and (20).  
For t h e  l a r g e r  load  ( W  = 0 . 9 2 8 7 ~ 1 0 - ~ )  t he  agreement shown i n  f i g u r e  6 
i s  n o t  q u i t e  so gooo, w i t h  the t h e o r e t i c a l  p r e d i c t i o n s  o f  f i l m  th i ckness  
being c o n s i s t e n t l y  l a r g e r  than t he  measured values. Th is  discrepancy i s  
sometimes a t t r i o u t e d  t o  v lscous heat ing,  as discussed by Greenwood and 
Kauz la r i ch  (1973), o r  t o  n~n-Newtonian behavior, as discussed by Moore 
(1973). Viscous hea t ing  appears t o  en joy the most support. Since t he  m a -  
surements were made i n  a c o n d i t i o n  o f  pure s l i d i n g ,  thermal e f f e c t s  might 
w e l l  be s i g n i f i c a n t ,  p a r t i c u l a r l y  a t  the  l a r g e r  load. The va lue o f  v iscos- 
i t y  used i n  the c a l c u l a t i o n s  r epo r t ed  i n  t a b l e  111 was t h a t  corresponding t o  
the  temperature o f  t h e  l u b r i c a n t  bath. I f  thermal e f f e c t s  become important,  
t he  isothermdl assumption used i n  d e r i v i n g  equat ions (15) and (20) i s  v io-  
la ted.  But, a l though t h e  value o f  the  v i s c o s i t y  used i n  these expressions 
i s  necessar i l y  somewhat a r b i t r a r y ,  t h e r e  i s  evidence f rom prev ious  s tud ies  
o f  1 i n e  o r  rec tangu la r  elastohydrodynamic con junct  ions t h a t  the  f i lm th i ck -  
ness i s  determined by t h e  e f f e c t i v e  v i s c o s i t y  i n  t he  i n l e t  region. I f  t h i s  
v i s c o s i t y  i s  known w i t h  reasonable accuracy, the p red ic ted  f i l m  thicknesses 
are q u i t e  r e l i a b l e .  I n  add i t i on ,  a t  t h e  more severe cond i t i ons  imposed by 
the l a r g e r  load the  l t j b r i c a n t  may no longer  behave as a Newtonian l i q u i d .  
Th is  would v i o l a t e  t h e  assunlptions used i n  d e r i v i n g  equat ions (15) and (20). 
The r e s u l t s  o f  Kunz dnd Winer (1977) presented i n  t a b l e  111 and f i g -  
u res  5 and 6 suggest t h a t  a t  l a r g e  loads there  i s  a more r a p i d  change i n  
l u b r i c a n t  f i l m  th ickness than would be p red i c t ed  by isothermal  elastohydro- 
dynamic theory  f o r  e l l i p t i c a l  conjunctions a5 presented i n  equat ions (15) 
and (20). Th is  view i s  Supported by the experiment01 r e s u l t s  based on the 
X-ray technique repor ted  by Parker and Kannel (1971) and t h e  r e s u l t s  o f  
o p t i c a l  i n t e r f e rome t r y  presented by Lee, e t  a l .  (1973). Th is  observation, 
however, con t rad i c t s  the r e s u l t s  o f  Johnson and Roberts (1974). who used t he  
spr ing dynamometer method described i n  the l a s t  sect ion t o  est imate e lasto-  
hydrodynamic f i l m  thickness. Johnson and Roberts found that,  i n  s p i t e  of 
the approxin~ate nature o f  t h e i r  method, the r e s u l t s  ind icated s t rong ly  t h a t  
elastohydrodynamic f i l m  thickness as predic ted by equations (15) and (LO) i s  
maintaineo up t o  the highest contact pressures tha t  are p r a c t i c a l  w i t h  b a l l  
bearing steel .  Their  r e s u l t s  support the more prec ise n~easurements of 
Gentle and Cameron (1973) and extend the range o f  operat ing condi t ions t o  
higher r o l l i n g  speeds. The discrepancy between these inves t iga t ions  i n  re- 
gard t o  the in f luence o f  load on elastohydrodynamic f i l m  thickness has y e t  
t o  be explained. 
Another comparison between experimental f ind ings  and theo re t i ca l  pre- 
d i c t i o n s  can be based on the experimental r e s u l t s  provided by Dalmaz and 
Godet (1978). They measured f i l m  thickness o p t i c a l l y  i n  a pure-sliding, 
c i rcu lar-contact  apparatus f o r  d i f f e r e n t  f i re - res is tan t  f l u i ds .  An exmple  
o f  the good c o r r e l a t i o n  between the theo re t i ca l  p red ic t ions  based on the 
formulas developed i n  the previous sect ion and these experimental r e s u l t s  i s  
shown i n  f i gu re  7. The agreement between the experimental ly determined 
v a r i a t i o n  of cen t ra l  f i l m  thickness w i t h  Speed f o r  mineral  o i l  and water- 
g lyco l  lubr icants  o f  s i m i l a r  v i scos i t y  and the  theo re t i ca l  p red ic t ions  i s  , 
most encouraging. The e l  l i p t i c i t y  parameter was u n i t y  and the appl ied load 
was 2.6 newtons f o r  these experiments. Figure 7 also shows t h a t  f o r  water- 
g l yco l  the f i l m  thickness generated was bare ly  one-third o f  t ha t  developed 
f o r  mineral o i l  o f  s i m i l a r  v iscos i ty .  This d r a s t i c  reduct ion i n  f i l m  th ick-  
ness i s  a t t r i b u t e d  t o  the pressure-viscosity c o e f f i c i e n t  o f  water-glycol, 
wbich i s  on ly  about o n e - f i f t h  t h a t  o f  mineral  o i l .  
Various theoret ica 1 p red ic t ions  are Compared w i t h  the experimenta 1 re- 
s u l t s  o f  Archard and K i r k  (1964) i n  f i g u r e  8. These r e s u l t s  are presented 
i n  a form tha t  ind icates the in f luence o f  s ide leakage on f i l m  thickness i n  
e l  1  i p t  i c a l  contacts by p l o t t i n g  a f i l m  reduct ion  f a c t o r  Hmin/Hmin r 
against the e f fec t i ve  radius r a t i o  Rx/Ry. The f i l m  reduct ion f a c t o r  i s  
def ined as the r a t i o  o f  the minimum f i lm- th i ckness  achieved i n  an e l l i p t i c a l  
contact t o  t ha t  achieved i n  a rectangular contact formed between two c y l i n -  
ders i n  nominal l i n e  contact. The theore t ica l  r e s u l t s  o f  Archard and 
Cowking (1965-66), Cheng (19701, and Hamrock and Dowson (1977), along w i t h  
the theore t ica l  so lu t i on  f o r  r i g i d  s o l i d s  by Kapitza (1955), are presented 
i n  t h i s  f igure.  Urchard and Cowking (1965-66) adopted an approach f o r  e l l i p -  
t i c a l  contacts s i m i l a r  t o  t h a t  used by Grubin (1949) f o r  a rectangular- 
contact condit ion. The Hertz ian contact zone i s  assumed t o  form a p a r a l l e l  
f i l m  region, and the generation o f  high pressure i n  the approach t o  the 
Hertz ian zone i s  considered. 
Cheng (1970) solved the coupled system o f  equations separately by f i r s t  
ca l cu la t i ng  the deforn~at ions from the Hertz equation. He then appl ied the 
Reynolds equation t o  t h i s  geometry. He d i d  no t  consider a change i n  the 
l ub r i can t  densi ty  and assumed an exponential law f o r  the v i scos i t y  change 
due t o  pressure. Hamrock and Dowson (1977) developed a procedure f o r  the 
numerical so lu t i on  o f  the complete isothermal elastohydrodynamic l u b r i c a t i o n  
o f  e l  1  i p t i c a l  contacts. 
For 0.1 < Rx/Ry < 1 the Archard and Cowking (1965-66) and Hamrock 
and Dowson (1977) predict ions are i n  c lose agreement, and both overestimate 
the reduct ion i n  f i l m  thickness evident i n  I he  experin~ental  r e s u l t s  o f  
Archard and K i r k  (1964j. For 1 < Rx/Ry < 10 the Hamrock and Dowson 
(1977) predict ions o f  f i l m  +.hickness exceed and gradual ly  diverge from those 
o f  Urchard and Cowking (1965-66). They are a l so  i n  b e t t e r  agreement w i th  
the experimental r e s u l t s  o f  Archard and K i r k  (1964). Cheng's (1970) theo- 
r e t i c a l  predic t ions are op t im is t i c  and d i f f e r  s i g n i f i c a n t l y  from the e x p w i -  
mental data. Kapitza's (1955) r ig id -contac t  theory i s  a lso  op t im is t i c  aboct 
the reduct ion i n  f i l m  thickness compared w i t h  the experimental resul ts ,  but  
. i t  i s  i n  c loser  agreement w i th  experiment than the  Cheng (1970) resul ts .  
These comparisons between theory and experiment o f f e r  reasonable grounds f o r  
confidence i n  the pred ic t ions  of the complete three-dimensional elastohydro- 
dynamic l ub r i ca t i on  theory f o r  e l  1 i p t i c a  l contacts presented i n  the previous 
sect ion. 
. 
SOFT EHL RES!JLTS 
The e a r l i e r  s tudies o f  elostohydrodynanic l u b r i c a t i o n  o f  conjunctions 
o f  e l l i p t i c a l  form are appl ied t o  the p a r t i c u l a r  and i n te res t i ng  s i t u a t i o n  
exh ib i ted  by n later ia ls  of  low e l a s t i c  modulus ( s o f t  EHL). The procedure 
used i n  obta in ing the so f t  EHL resu l t s  i s  given i n  Hdmrock and Oowson 
(1978). The e l l i p t i c i t y  parameter was var ied from 1 ( d  bal l -on-plate con- 
f i g u r a t i o n )  t o  12 (a  conf igura t ion  approaching a nominal l i n e  o r  rectangular 
contact).  The dimension less speed and load parameters were var ied  by one 
order o f  magnitude. Seventeen d i f f e ren t  cases used t o  generate the minimum- 
f i lm- th ickness  formula are given I n  t a b l e  1 V .  I n  the tab le  Hmin corre- 
sponds t o  the minimum f i l m  thickness obtained from applying the EHL e l l i p -  
t i c a l  contact theory given i n  Hamrock and Oowson (1976) t o  the s o f t  EHL con- 
tac ts .  The minimum-f i lm-thickness fornu l a  obtained from a least-squares f i t .  
o f  the data was f i r s t  given i n  Hamrock and Oowson (1976) and i s  given here as 
I n  tab le  1 V  Hmin i s  the minimum f i l m  thickness obtajned f rom equr t ion  
(21). The percentage di f ference betv~een HUlin and Hmin i s  expressed 
by 01, given i n  equation (16). The values o f  01 i n  t ab le  1V are 
w i t h i n  the range -8 t o  3 percent.. 
I t i s  i n te res t i ng  t o  compare the equirtion f o r  mater ia ls  o f  low e l a s t i c  
modulus ( s o f t  EHL, eq. (i1)) w i t h  the corresponding equation f o r  mater ia ls  
o f  h igh e l a s t i c  modulus (hard EtiL) given i n  equation (15). The powers o f  
U i n  equations (21) and (15) are simi l o r ,  bu t  the power o f  W i s  much more 
s i g n i f i c a n t  f o r  low-elastic-modulus n~a te r i a l s .  The expression showing the 
e f f e c t  o f  the e l l i p t i c i t y  parameter i s  o f  exponential form i n  both equa- 
t ions, bu t  w i th  d i f f e r e n t  constants. 
A major d i f fe rence between equations (21)  and (15) i s  the absence o f  a 
mater ia ls  parameter G i n  the expression f o r  low-elastic-mcrdulus mdte- 
r i a l s .  There are two reasons f o r  t h i s .  One i s  the n e g i i g i b l e  e f f e c t  o f  
pressure on the v i scos i t y  of the l u b r i c a t i n g  f l u i d ,  and the other  i s  the way 
i n  which the r o l e  o f  e l a s t i c i t y  i s  s in~p ly  and a u t o m ~ t i c a l l y  incorporated 
i n t o  the pred ic t ion  o f  conjunct ion behavior tnrough an increase i n  the s ize  
o f  the Hertz ian contact zone corresponding t o  changes i n  load. As a check 
on the v a l i a i t y  o f  t h i s ,  case Y o f  t ab le  1 V  was repeated w i t h  the mater ia l  
changed from n i t r i l e  t o  s i l i c o n e  rubber. The r e s u l t s  o f  t h i s  change are 
recorded as Case 17 i n  tab le  11. 
The dimensionless minimuni f i l n ~  thickness calculated frorr: the f u l l  
numerical so lu t i on  t o  the elastohydrodynamic contact theory was 
1 8 1 . 8 ~ 1 0 - ~ ~  and the dimensionless minimu I f i 1s thickness predic ted from k equation (L1) t ~ r n e d  out  t o  be l8i.i)xlO- . This c l e a r l y  ind icates d lack 
of dependence of the minimun~ f i l m  thickness f o r  low-elastic-modulus mate- 
r i a l s  on the mater ia ls  parameter. 
There i s  i n t e r e s t  i n  kr,owing the cen t ra l  f i l m  thickness, i n  add i t ion  t o  
the minimum f i l m  thickness, i n  elastohydrodynamic contacts. The proceoure 
used t o  ob ta in  an expression f o r  the cen t ra l  f i l m  thickness was the same as 
t h a t  used t o  ob ta in  the n~ininrum-f i lm-thickness expression, The centra l -  
f i lm-thickness formula f o r  low-elastic-modulus mater ia ls  ( s o f t  EHL) as ob- 
ta ined from Hamrock and Dowson (1978) i s  
- 
Comparing the  centra l -  and minimum-f i lm-t.hicknrss equations, (22) and 
(21), reveals on ly  s l i g h t  ai f ferences. The r a t i o  of minimum t o  cen t ra l  f i l a  
thickness evident i n  the computed values given i n  Hamrock and Dowson (1978) 
ranged from 70 t o  $3 percent, the overage being 7 7  percent. 
Figure 9 shows the v a r i e t i o n  o f  the  r a t i o  H m n m n  where 1 Hmi?,r i s  the minimum f i l m  tbjckness f o r  rectangu ar  contacts, w i t h  the 
e l l l p t i c i  t y  paranleter k f b r  both high- and low-elastic-crtcldulus materials.  
If i t  i s  assumed that. the minimum film thickness obtained f rom the  elasto- 
hydrodynamic analysis o f  e l l i p t i c a l  contacts can on ly  be obtained t o  an 
accuracy o f  3 percent, we f i n d  t h a t  t he  r a t i o  Hmin/Hmin r approaches 
the l i m i t i n g  value a t  k = 5 f o r  hi$-elastic-modulus materials.  For low- 
elastic-modulus mater ia ls  the r a t i o  approaches the l i m i t i n g  value more slow- 
ly ,  bu t  i t  i s  reasonable t o  s t a t e  tha t  the rectangular-contact so lu t i on  w i l l  
g ive a very good p red i c t i on  o f  the  minimum f i l m  thickness f o r  conjunctions 
i n  which k exceeds about 11. 
The va r ia t i on  o f  pressure and f i l m  thickness i n  the  o i r e c t i o n  o f  r o l l -  
i n g  along a l i n e  near the midplane of the conjunct ion i s  shown i n  f i g u r e  10 
f o r  two values of U. For a l l  the  so lu t ions  obtained a t  var ious speeds, the  
values of the dimensionless load, mater ials,  and e l l i p t i c i t y  parameters were 
he ld  f i xed .  Figure 10 shows t h a t  the  pressure a t  any p o i n t  i n  the i n l e t  
region increases 0s the speed increases. The dominant e f f e c t  o f  the dimen- 
s ion less Speed parameter on the minimum f i l m  thickness i n  elastohydrodynmic 
contacts f o r  low-elastic-modulus mater ia ls  ( s o f t  EHL) evident i n  equation 
(21)  i s  r e f l e c t e d , i n  f i g u r e  10. S imi la r  r e s u l t s  were found f o r  h igh-e last ic-  
modulus mater ia ls  (hard EHL). 
The va r ia t i on  o f  pressure and f i l m  thickness i n  the  r o l l i n g  d l r e c t i o n  
along a l i n e  c lose t o  the midplane o f  the conjunct ion i s  shown i n  f i g u r e  11 
f o r  two values o f  the aimensionless luad parameter. Once again the essen- 
t i a l  features o f  the minimum-f i lm-thickness equation are r e f l e c t e d  i n  t h i s  
f i g u r e  s ince a change i n  the dimensionless load parameter o f  one order o f  
magnitude produces a considerable change i n  the pressure p r o f i l e  bu t  not 
such a s ign i f i ca r l t  change i n  the f i l m  thickness. The small e f f e c t  o f  load 
on minimum f i l m  thickness i s  a reasonable and important fea ture  o f  e lasto-  
hydrodynamic lubr ica t ion .  
The pressure spikes found when deal ing w i t h  inater ia ls  o f  h igh  e l a s t i c  
modulus (hard EhL) are n o t  evident i n  these so lu t ions  f o r  low-elast ic- 
modulus mater ia ls  ( s o f t  EHL). The absence o f  a pressure spike f c t  low- 
elastic-moorrlus mater ia l  s i s  due t o  the pressures generated f o r  e given load 
i n  a contact between low-elastic-modu lus n iater ia is  being considerrb ly  lower 
than those generated i n  a ccrntac t between h i  gh-elost ~ C ~ Q ~ U ~ U S  mater ia ls .  
CONCLUDING REMHRKS 
The tCv ma as is o f  the present l ec tu re  was on f u l l y  flooded, elastohydro- 
dynamic lubr ica ted  e l  l i p t i c a l  contacts. A f u l l y  f looded conjunct ion i s  one 
i n  which the f i l n  thickness i s  not  s i g n i f i c a n t l y  changed when the amount o f  
lubr icant  i s  increased. A b r i e f  descr ip t ion  o f  the re levant  equations used 
i n  the e la~ t~hyd rodyndmi  c l u b r i c a t i o n  o f  e l  l i p t i c a l  contacts was given. The 
most important p r a c t i c a l  aspect o f  the  elastohydrodynamic theory i s  the 
detenninat ion o f  the minimum f i  ~ITI  thickness w i t h i n  the contact. The mainte- 
nance of a f l u i d  f i l m  o f  adequate mbgnitude i s  an essent ia l  feature o f  the 
cor rec t  operat ion o f  lubr ica ted  machine elements. The r e s u l t s  presented 
show the in f luence of contact geometry on minimun~ f i l m  thickness as ex- 
pressed by the e l l i p t i c i t y  parameter and the din~ensionless speed, load, ana 
mater ia ls  parameters. F i l m  thickness equations are aevelopea f o r  mater ia ls  
of h i  h e l a s t i c  moaulus, such as metal, and f o r  mater ia ls  of low e l a s t i c  
modu 7e us, such as rubber. The so lu t ions  f o r  h igh-e las t ic -modux mater ia ls  
are sometimes re fe r red  t o  as "hard EHL," and the so lu t ions  f o r  low-elastic- 
modulus mater ia ls  as " s o f t  EHL." I n  add i t ion  t o  the f i l m  thickness 
equations tha t  were developed, p l o t s  o f  pressure and f i l m  thickness were 
presented. These theo re t i ca l  so lu t ions  f o r  f i l m  thickness have 011 the 
essent ia l  features o f  prev iously  reportee experimental observations based on 
o p t i c a l  interferometry. Corre lat ion between theory and experiments was a lso 
made. 
APPENDIX - SYMBOLS 
semimajor a x i s  o f  contact e l  l ipse,  m 
segiminor ax i s  o f  contact e l l i p s e ,  m 
((timln - Hmi ) /Hminl 100 
modu us of e f a s t i c i t y ,  ~ / m k  
e f f e c t i v e  e l a s t i c  modulus, 
normal appl ied lodo, A 
normal appl ied load per u n i t  length, N/m 
dimensionless mater ia ls  parameter, 
dimensionless f i l m  thickness, h/RI 
dimensionless f i l m  thickness obtained from least-squares f i t  of 
numerical data 
f i l m  thickness, m 
constant, m 
e l l i p t i c i t y  parameter 
u n i t  length, m 
dimensionless pressure, P I E '  
pressure, ~ / m 2  
e f f e c t i v e  radius, m 
rad ius  o f  curvature, m 
geometric separat ion, m 
dimension less speed parameter, nou/E ' R x  
mean surface ve loc i t y  i n  d i r e c t i o n  o f  motion, (ua + ub)/2, m/s 
dimensionless load parameter, FIE 'R$  
dimens ionless load parameter f o r  rectangular contact, F*IE 'R, 
coordinate system 
pressure--viscosi t y  c o e f f i c i e n t  o f  lubr icant ,  d/fi 
coe f f i c i en t  of absolute o r  dynamic v iscos i ty ,  N s/mz 
coe f f i c i en t  of a b ~ o l u t e  o r  dynamic v i s c o s i t y  a t  atmospheric 
pressure, N s/mL 
Poisson's r a t i o  
lubr icant  density, N s2/m4 
dens i ty  a t  atmospheric pressure, N s2/m4 
Subscripts : 
a s o l i d  a 
b s o l i d  b 
c centra 1 
m i  n minimum 
r f o r  rectangular contact 
x,Y coordinate system 
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~ a j o r  esearch e f f o r t  
(1)  Review l i t e r a t u r e  
(2 )  I nves t i ga te  var ious  e l a s t i c i t y  
mode 1 s 
Oevelop EHL theory w i t h  the  
f o l l o w i n g  assumptions: 
( 1 )  Isothermal f l u i d  
(2 )  Newtonian f l u i d  
Apply EHL theory t o  - hard con tac ts  
t h a t  have 
( 1 )  f u l l y  f l ooded o r  
(23 Starved con junc t ions  
Apply EHL theory t o  - s o f t  cont-acts 
t h a t  have 
(1 )  F u l l y  f l ooded o r  
( 2 )  Starved conjunct ions 
I nves t i ga te  the  f o u r  f l u i d - f  i l m  
l i r b r i ca t  i o n  regimes encountered 
i n  e l l i p t i c a l  contacts :  
(1) lsov iscous r i g i d  
( 2 )  Viscous r i g i d  
( 3 )  Viscous e l a s t i c  (hard EHL)  
(4)  lsov iscous e l a s t i c  ( s o f t  
EHL) 
,incorporate the r e s u l t s  from the 
previous 5 years o f  research i n t o  
a book 
Some r e s u l t s  
The e l a s t i c i t y  model t h a t  sssumes a 
un i form pressure over a rectangular  
area was chosen 
For the f i r s t  t ime a complete theo- 
r e t i c a l  s o l u t i o n  was obta ined f o r  
el 1 i p t i c a  1 contacts  l u b r i c a t e d  
elastohyorodynamically. Th is  in-  
vo 1 ved successf u 1 coup1 i ng o f  the 
e l a s t i c i t y  and Reynolds equat ions 
Contours descr ib ing  the  pressure 
and f i l m  th ickness w i t h i n  t h e  
con junc t ion  were developed 
F i lnt th ickness equat ions were 
formulated f o r  the  f u l l y  f looded 
and Starved s i t u a t i o n s  
Same as above 
(1 )  F i  l m  th ickness 'equat ions were 
formulated f o r  each regime i n  
terms of dimensionless geome- 
t r y ,  v i scos i t y ,  aria e l a s t i c -  
i t y  paranteters 
( 2 )  Maps o f  the f o u r  l u b r i c a t i o n  
regimes were obtained 
The r e s u l t s  enable bo th  the  
mode o f  f lu id - f  i lm l u b r i c a t i o n  
and the magnituae o f  t he  f i l n t  
th ickness t o  be ascer ta ined f o r  
spec i f i ed  opera t ing  cond i t i ons  
--.-.- 
€ H i  r e s u l t s  a re  app l ied  t o  the  
f o l l o w i n g  appl i ca t i ons :  
(1) B a l l  bear ings 
( 2 )  Wheel on a r a i l  
(3 )  Gears 
(4 )  Var iab le  speed d r i v e  
( 5 )  Seals 
( 6 )  Human j o i n t s  
( 7 )  R o l l e r  bear ings 

TABLE 11 1. - THEORETICAL AN0 EXPERIMENTAL F ILM THICKNESS 
[From Kunz and Yiner (1977).] 
r 
Lubr i -  Oimensionless Centra l  f i l m  thickness Minin~um f i l m  thickness 
canta speed 
parameter, Theoretical, Experi- Theoret ical ,  Experi- 
U eq. (20). mental, eq._(15), 
- - menta 1, 
" c H c Hmi n &mi n 
Dimensionless load parameter, W, 0.1238~10-6 
A 0.1963~10-l1 6.84~10'~ 5 . 7 ~ 1 0 ' ~  3 .87~10 '~  2 .8~10 '~  
.3926 10.9 9.9 6.20 5.7 
-7866 17.3 16.0 9.3 11 .O 
8 . 263 7 11.0 15.0 6.58 8.4 
.52 74 18.9 22.0 10.5 14.0 
1.057 30.2 34.0 17.0 24.0 
C -2268 8.04 8.2 4.53 5.0 
.4536 12.8 12.0 7.2 7 7.5 
,9089 20.6 18.0 11.6 13.0 
Dimensionless load parameter, W, 0.9287~10-6 
- 
A 0 . 1 9 6 3 ~ 1 0 - ~ ~  5 .96~10 '~  4 . 3 ~ 1 0 ' ~  3 .33~10 '~  2 . 8 ~ 1 0 ' ~  
.3926 9.50 7.1 5.35 4.3 
.7866 15.1 12.0 8.58 5.7 
.263 7 10.4 8.4 5.68 2.8 
.5274 16.6 12.0 9.11 5.6 
1.057 26.4 17.0 14.6 8.4 
.2258 7.01 6.3 3.92 2.6 
.4536 11.2 9.4 6.27 3.8 
.go89 17.8 14.0 10.1 5.0 
a ~ u b r i c a n t  A i s  po l yp l ky l  aromatic ( a  - 1.58~10' t3 ( ~ / d ) - l ;  
no = 0.0255 N s/mL; G = 4 07); Jub i can t  0 i s  s y n t h e t i ~  
hydrocarbon (a  - 3 . 1 1 ~ 1 0 - ~  ( N I d ) - I ;  - 0.0343 N slmd; 
G - 8874); l ub r i can t  C i s  moaif l e d  polyphenyl e t h e r  
( a  = 1.79x10-~ ( N  90 - 0.0295 N s/m2; G = 5107). 
where a i s  the pressure-v iscosi ty  constant, QQ i s  
the  atmospheric v iscos i ty ,  and G i s  the diaenslonless 



























































P = plE8 
Figure 1. - Contour plot of dimensionless pressure. k 1.25, U . Q 1 6 8 ~ 1 0 - ~ ~ ,  W = a l l l x l ~ ~ ~ ,  
and G = 4522 
Dimension less 
film thickness, 
H - hlR, 
Figure 2 - Contour plot of dimensionless film thickness. k = 1.25, U 0. 1 6 8 ~ 1 0 - ~ ~ ,  




(a) Dimensionless pressure. 
(bl Dimensionless film thickness. 
Figure 3. - Variation of dimensionless pressure and f i lm 
thickness on X-axis for three values of dimensionless 
speed parameter. The value of Y is held fixed near 
agial center of contact. 
Dimensionless /\ 
1.6 Iwd. 
la) Dimensionless pressure. 
(b) Dimensionless film thickness. 
Figure 4 - Variation of dimensionless pressure and film 
thickness on X-axis for three values of dimenr~onless 
load parameter. The value of Y is held fixed near axial 
center of contact. 
a Central f i lm thickness 
0 Minimum film thickness 






Experimental f i lm thickness, H &lod 
Figure 5. - Theoretical and experimental cenlral and minimum f i lm 
thicknesse for pure sliding. Dimensionless load parameter, W, a a 1238x10- . (From Kunz and Winer, 1977. ) 
0 Central fi lm thickness 
0 Minimum film thickness 
C 
0 10 20 
Experimental f ~ l n  thickness, H 
30x10'6 
Figure 6. - Theoretical and experimental central and minimum film 
thickness I for pure sliding. Dimensionless bN parameter, W, k Q 928~10- . (From Kunz and Winer, 1977.1 
1 - 0 M i m r a l  011 ) t p r i m e n t  
.I =- Waterqlycol 
- 
, 6  - - Hamrock and h o n  
.Y 
E 
= . 1  
F .08 
E .06 U 
.W .06 . 1  . 2  . 4  .6  1 2 
Speed. u, mls 
Figurr 7. - Effect ot sped on central f i lm thickness 
at constant krO ( 2 6 N l  for mineral oi l  and water- 
glycol lubricants ot similar viscority. (From Dalmrz 
and Godet, l9la ) 
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Figure 8. - Side-leakage factor for elliptical contacts. 
1.0- P 
. 9  - 
.8  - 
L 
c- 
.E ' 7 .  
I 
C 
,E .6 - 
t 
2- . 5 .  
2 
n 
f . 4 -  EHL high-elastic-modulus 
.Y 
6 results (hard EHL results) 
. 3 -  
- .- 
Y = EHL low-elastic-rodulur 
. 2  - rcsukr (soft EHI. reruRsL 
Elllplic~ly parameter, k 
Figure 9. - Effect d ellipticity parameter on 
ratio ot dimensionkss minimum f i lm thick- 
na r ,  to dimensionless minlmum f i lm thick- 
ness for a line contact, for EHL high- and 
low-clalic-modulus malyses. 
Figure 1Q - Effect of d i rnenr i~ l lcss  pwa pdralneter on d~mensionlerr pressure and f ~ l m  
thickness on X-ax~s. The value of Y is held fixed near ax~a l  center of contact. 
Figure 11. - Effecl ol dimensionlerr l o d  pdrameter on dimension less pressure and film 
lhicknerr on X-axis. The value of Y 1s held fixed near a x ~ a l  center d contact. 
